The present study focuses on a prediction of crack width and load-carrying capacity of flexural reinforced concrete (RC) elements strengthened with fibre-reinforced polymer (FRP) reinforcements. Most studies on cracking phenomena of FRP-strengthened RC structures are directed to empirical corrections of crack-spacing formula given by design norms. Contrary to the design norms, a crack model presented in this paper is based on fracture mechanics of solids and is applied for direct calculation of flexural crack parameters. At the ultimate stage of crack propagation, the load-carrying capacity of the element is achieved; therefore, it is assumed that the load-carrying capacity can be estimated according to the ultimate crack depth (directly measuring concrete's compressive zone height). An experimental program is presented to verify the accuracy of the proposed model, taking into account anchorage and initial strain effects. The proposed analytical crack model can be used for more precise predictions of flexural crack propagation and load-carrying capacity.
Introduction
Retrofitting of existing structures is one of the main challenges for civil engineers today. One of the most advantageous material types for strengthening is fibre-reinforced polymers (FRP) due to their corrosion resistance and high strength to low weight ratio [1] [2] [3] [4] [5] . Anticorrosion properties are particularly relevant in aggressive environments, for example, bridge structures [6] . Strength properties could be used even more efficiently and economically by prestressing the FRP material [7, 8] . However, the effectiveness of strengthening can be compromised by loss of composite action, which can be delayed by using the additional anchorage [9] . There is a large quantity of researches made on the behaviour of the joint of concrete and FRP material [10] [11] [12] [13] [14] , and the bond stiffness-reduction techniques are proposed [15] [16] [17] , but none of the researches analysed by the authors was applied for prediction of concrete crack propagation. In accordance with design provisions [18, 19] , the cracks in concrete open when a limiting tensile strain of concrete is reached; therefore, the crack width can be calculated by multiplying the mean values of a difference between tensile reinforcement and concrete strains with crack spacing. The researchers working on cracking phenomena of FRP-strengthened structures are trying to correct the empirical formulas to calculate crack spacing given by the design norms [20] [21] [22] . A different approach is proposed in this paper, that is, a crack model for direct calculation of flexural crack parameters which neglect the crack spacing. At the ultimate stage of crack propagation, the load-carrying capacity of the element is achieved. Therefore, it is assumed that the load-carrying capacity can be estimated according to ultimate crack depth (directly measuring concrete's compressive zone height). The experimental program is presented to verify the accuracy of proposed crack propagation model, taking into account anchorage and initial strain effects. An extended database is used for comparison of numerical and experimental results of crack width under service load and loadcarrying capacity of the element. In total, 98 RC beams, strengthened with externally bonded (EBR) and near surface-mounted (NSM) carbon fibre-reinforced polymer (CFRP) and glass fibre-reinforced polymer (GFRP) sheets, plates, strips, and rods were tested. The experimental results were collected from different scientific publications.
Analytical Model
2.1. Crack Width according to Design Standards. In this chapter, the estimation methods of the crack width and the mean crack spacing proposed in design standards [18, 19] are presented. The crack width of a RC structure can be calculated by following equation proposed in EC2 [18] .
where s r max is the maximum crack spacing and ε sm and ε cm are the mean strains in reinforcement and in concrete between cracks, respectively. The mean value of crack spacing can be defined as follows [18] :
where k 1 is a coefficient which evaluates the bond properties of the bonded reinforcement: 0.8 for high bond bars and 1.6 for bars with an effectively plain surface (e.g., prestressing tendons); k 2 is a coefficient which takes into account the distribution of strain: 0.5 for bending and 1.0 for pure tension. Assuming stabilized cracking, the characteristic value of the crack width of FRP-strengthened RC structures is calculated according to fib bulletin 14 [19] recommendations:
where ζ is a tension-stiffening coefficient and ε 2 is the reinforcement strain in the fully cracked state. The mean crack spacing, taking into account the effect of both the internal and the external reinforcement, can be calculated as [19] s r m = 2f ctm A c ef f τ sm u s1
where f ctm is a mean value of concrete tensile strength; A c ef f is an effective area of concrete's tensile zone; A s1 and A f are the areas of steel and FRP reinforcements, respectively; E s1 and E f are the elasticity modules of steel and FRP reinforcements, respectively; u s1 and u f are the bond perimeters of steel and FRP reinforcement, respectively; τ sm = 1 8f ctm and τ fm = 1 25f ctm are the mean bond stresses of steel and FRP reinforcement; and ξ b is a bond parameter given as
Neglecting the tension-stiffening effect and initial strain, the characteristic crack width is as follows [19] :
where M a is the acting moment in a cross-section, ρ c ef f is a ratio of the effective area in tension, and ρ eq is the equivalent reinforcement ratio. Hence, a denser cracking and the smaller crack widths are obtained for RC beams strengthened with FRP; the crack widths estimated by the methodology proposed in [19] were used for further analysis. [23, 24] proposed crack development model for RC structures, a flexural reinforced concrete element crack has two peaks; one leads to the crack spread toward the beam neutral axis, and the other refers to the tensile reinforcement. The width of the crack apex closer to the neutral axis is critical for further crack spread. The bond strength of concrete and reinforcements, which is equal to the tensile strength of concrete (f ct ), stresses of FRP, and steel reinforcements (σ s and σ f , respectively), resist crack propagation. Parts of the element separated by the crack rotates about the intersection point of the crack surface and neutral axis (see Figure 1(a) ).
The proposed crack model is presented in Figure 1 (a), where A s1 , A s2 , and A f are the inner tensile, compressive steel, and external FRP reinforcements, respectively; d 1 and d 2 are the distances to centroids of inner reinforcements; h cr and h ct are the crack depth and the depth of tensile zone above it, respectively; and w cr and δ cr are the crack width and the critical width of a normal crack tip, respectively. Strain distribution in a cross-section is reflected in Figure 1(b) , where x e is a depth of compression zone of concrete; ε ctu and ε f are the ultimate tensile strain of concrete and the FRP strain, respectively. The crack depth and width dependence can be expressed from a condition of similarity of triangles:
General expression of ultimate value of concrete's tensile strain is used for analysis:
where ν pl is concrete plasticity factor (ν pl ≈ 0 5); E cm is a secant modulus of elasticity. The mean value of concrete's tensile strength and secant modulus of elasticity are estimated in accordance with EC2 [18] :
The ratio of ultimate strain of concrete in tension and the strain of FRP reinforcement can be calculated as follows: 2 International Journal of Polymer Science where α s1 , α s2, and α f are the ratios of elasticity modules of steel reinforcements and FRP reinforcement, respectively; ε p is the FRP prestressing strain and ε 0 is the initial strain; M p and M 0 are the bending moment caused by the pretensioning force and the initial bending moment, respectively; and x 0 is the initial depth of the concrete compressive zone. A wide range of experimental research was conducted by Jokūbaitis et al. [23] [24] [25] [26] [27] [28] , and the empirical expression of the critical width of a normal crack tip was derived for flexural RC elements:
where d 1 is the distance to the tensile steel reinforcement resultant (see Figure 1) , ϕ is the diameter of tensile steel reinforcement, and μ is the parameter, which evaluates the influence of different factors (cross-section, bond between concrete and reinforcement, and reinforcement ratio) on the relation between the crack parameters. Below is the same expression with some modifications which could be used for FRP-strengthened structures:
where ϕ eq is the equivalent factor of tensile zone; μ is the parameter evaluating the influence of the cross-section of the element and bond between concrete and FRP reinforcement (the reinforcement ratio is already taken into account estimating the equivalent factor of the tensile zone):
where β = 2 and 1 for long-term and short-term loading, respectively; ϑ b, h is the empirical function of crosssectional parameters; and ψ f is the reduction factor of stiffness in the interface between the RC member and FRP based on the built-up-bar theory [12, 16, 17] :
Factor λ evaluates the stiffness of the interface and could be calculated as follows:
Stiffness of the interface between separate members:
where a is the distance between the centroids of the RC beam and FRP; G eff is the effective shear modulus [12] :
, 10 Factor γ could be calculated as follows:
where A c ef f and I c ef f are the area and the moment of inertia of a cracked concrete cross-section, respectively. For rectangular cross-sections
I c ef f = bx 3 e
22
The distance to tensile steel and FRP-reinforcement resultant (in mm) (see Figure 2 ) is as follows:
In EC2, the effective reinforcement ratio of tensile zone of concrete is expressed as follows:
where A p is the area of pre-or posttensioned tendons within A ct ef f and ξ 1 is the adjusted ratio of bond strength taking into account the different diameters of prestressing and reinforcing steel. As proposed in [21] for FRP-strengthened RC structures, A p = A f and ξ 1 = E f /E s1 ; then the effective reinforcement ratio of the tensile zone of concrete will be as follows:
where A ct ef f is the effective area of concrete in tension:
The equivalent factor of the tensile zone, taking into account both steel and FRP reinforcements, can be derived from (2) and (4):
where the bond perimeter of FRP reinforcement u f is determined from Figure 3 . Subsequently, the crack width is derived from (7) and (10) 
International Journal of Polymer Science where d and d f are the depths of inner and external reinforcements, respectively. If the structure was already cracked at the strengthening moment, the initial crack width should be added to calculation:
w cr = w cr f + w cr 0 , 29
Relation between Crack Depth and Load-Carrying
Capacity. The same relation in (7) relates the crack depth with the acting bending moment and the depth of the concrete tensile zone, whose relation with crack parameters can be expressed as follows:
Furthermore, there will always be a retained condition:
Therefore, the crack depth can be expressed as follows:
When the load of the RC element strengthened with FRP is close to its ultimate value, the strain in tensile steel 5 International Journal of Polymer Science reinforcement, in most cases, shall exceed the yield strength and large plastic deformations will occur in the element (δ cr /w cr → 0, ε ctu /ε f → 0, and h ct → 0). Therefore, the tensile zone of concrete above the crack can be disregarded, and the ultimate crack depth of the element could be evaluated according to Figure 4 , by using the equivalent rectangular concrete compressive stress diagram.
Although FRP stress is unknown, the equilibrium condition between the ultimate crack depth and the FRP stress can be reached iteratively. This way, the ultimate crack depth could be evaluated by the following:
where f y and f cm are the yield strength of tensile steel reinforcement and the mean value of concrete compressive strength, respectively, and η and λ are the reduction factors of concrete compressive strength and compressive zone height, respectively (in accordance with EC2 [18] : η = 1 0, λ = 0 8 for concrete strength f ck < 50 MPa). The FRP stress of ith iteration can be found, assuming the linear elastic stress-strain relationship, but it must be lower than the design strength:
where ε f.i is a FRP strain, which could be determined from Figure 5 .
In accordance with EC2 [18] , the ultimate strain of the compressive concrete ε cu could be taken as 3.5‰, when f ck < 50 MPa. Iterations are repeated until equilibrium condition is achieved:
Afterwards, the compressive reinforcement stress is calculated and the ultimate crack depth is revised, evaluating the impact of compressive reinforcement and reduced stiffness in the interface between the RC member and the FRP reinforcement.
where the reduction factor ψ f is taken from (16) , (17), (18), (19) , (20), (21) , and (22) , only that A c ef f = b h − h cr u and I c ef f = b h − h cr u 3 /3. Real reduction coefficients of a concrete compressive zone stress diagram can be determined using the modified technique proposed by Dulinskas et al. [29] (see Figure 6 ).
The areas of separate parts and the whole curvilinear concrete's compressive zone diagram [30] :
where the concrete strain at peak stress [18] is ε c1 = 0 7f 0 31 cm ≤ 2 8 and the concrete ultimate strain
When A desc3 < 0, the descending part of concrete's compressive zone diagram exists and it is possible to calculate its parameters.
where x c is a coordinate of centroid of curvilinear concrete's compressive zone stress diagram:
If ε c2 < ε c1 , there will not be any descending part and the area of the ascending part would be equal to the area of the whole curvilinear concrete compressive zone diagram. The strength of compressive concrete will not be reached (see Figure 7) , and maximum stress in the most compressed fibre can be determined by stress-strain relation for nonlinear structural analysis proposed in EC2 [18] :
Next, the ascending part of the concrete stress diagram is divided into the simpler figures, and the parameters of equivalent stress diagram are calculated by (43) and (44).
Subsequently, the flexural strength of the strengthened member can be expressed as
A simplified methodology proposed by Slaitas et al. [31] could be used for nonstrengthened RC structures, using a triangular concrete compressive zone stress diagram. 6 International Journal of Polymer Science
The analytical model proposed above could be used for more reliable prediction of concrete crack parameters and flexural strength for FRP-strengthened RC structures.
Analysed Beams.
Four-point bending tests were carried out on seven full-scale beams (see Figure 8) . The experimental beams varied by length, material properties, 7 International Journal of Polymer Science reinforcement ratio, and strengthening. Beam CB served as a control beam. Beams B1-0 and B2-P were strengthened, and the CFRP layer was additionally anchored with steel clumps. Beams B5-7 and B6-7 were strengthened under an external load action. Beams B3-0 and B4-0 were strengthened without an external load action. The CFRP layer of beams B3-0, B4-0, B5-7, and B6-7 was unanchored. The properties of tested beams are listed in Table 1 .
Additionally, an extended database of 27 beams total was used for comparison of numerical and experimental
Figure 8: Loading scheme of tested beams. [21] . [21] . The properties of extra beams are listed in Table 2 . A number of additional RC beams, strengthened with carbon fibre-reinforced polymer (CFRP) and glass fibrereinforced polymer (GFRP) sheets, plates, strips, and rods, tested by different researchers, were analysed in a comparison of numerical and experimental results of load-carrying capacity (sample size: 98 beams). The properties of extra 71 beams are listed in Table 3 .
Results and Discussion
3.1. Crack Pattern. The crack pattern of the higher beams (B1-0 and B2-P) is presented in Figure 9 . It can be seen in both beams that the spacing of primary cracks was similar (s r m P B1-0 ≈ s r m P B2-P ≈ 130 mm), but the spacing of secondary cracks was denser in beam B1-0, although the crack widths were smaller in the prestressed beam (B2-P), taking into account secondary cracks: s r m P-S B1-0 ≈ 56 mm and s r m P-S B2-P ≈ 71 mm, and crack widths under service load: w cr B1-0 ≈ 0 200 mm and w cr B2-P ≈ 0 075 mm. The maximum crack width was reduced by 2.67 times by prestressing the external reinforcement. This was evaluated in the proposed method (calculated crack width of B1-0 was 2.55 times bigger than B2-P).
The crack pattern of smaller beams (B3-0, B4-0, B5-7, and B6-7) is presented in Figure 10 .
In beams without initial strain, the crack distribution was denser, because from the start the beams had higher Table 3 : Properties of additional beams for load-carrying capacity.
Ref.
A s1 /bd (%) 9 International Journal of Polymer Science reinforcement ratios. Until the strengthening moment, the beams B5-7 and B6-7 were acting as ordinary RC beams and the primary cracks had already developed; after strengthening, the crack development was slower, but the spacing remained the same as earlier; that is, the distribution and propagation of cracks are different if the stiffness of beams at the moment of strengthening is different. As a result, crack widths of the beams strengthened under external load action (B5-7, B6-7) were 2 times higher than those strengthened without it (B3-0, B4-0). This validates the evaluation of the initial crack width in (29) .
It should be mentioned that in smaller beams, mainly primary cracks were developing and the absence of anchorage has led to the horizontal cracks in the contact zone of concrete and FRP, which appeared when the external load has reached about 80% of the load-carrying capacity. The failure result of these beams was concrete cover separation. (15) could be expressed as a polynomial of the ratio of width and height for a rectangular cross-section (as it has only these 2 parameters):
where C 1 , C 2 , and C 3 are constant values, which could be determined empirically from Figure 11 . The constants C 1 , C 2 , and C 3 in (49) could be determined from Figure 11 Figure 12 and Table 4 . The statistical parameters are shown in Table 4 : 10 International Journal of Polymer Science
Crack widths calculated by design provisions while evaluating the tension-stiffening effect and without it were overestimated with up to 85% (mean 32%) and 86% (mean 40%) errors (Δ = 1 − w exp /w calc ⋅ 100%), respectively. Besides, the coefficient of variation was very high, over 100%; its scatter is 2 times higher than in the proposed method by the authors without evaluation of the influence of cross-sectional parameters and 5 times higher with it. Moreover, the proposed method in comparison with the design norms had a low average error (3%, 0%), low standard deviation (0.53 and 0.22), and low coefficient of variation (51.44% and 21.62%), which led to the much better confidence intervals (c i ). It means that the FRP-strengthened RC elements could be designed with more rational cross-sections and reinforcement ratios if the proposed methodology is being used. 11 International Journal of Polymer Science of FRP stress (due to the slippage between concrete and FRP, ψ f = 1 0) had lower mean error (0% to 14%) but higher scatter (coefficient of variation c v 24.07% to 20.84%). However, it should be noted that in some cases, the beams actually failed at loads close to 60% of the calculated ones (marked red in Figure 13 ) which is critically unsafe. Thus, it is vital to choose the correct calculation method. The main statistical parameters of the analysis are presented in Table 5 .
The statistical parameters in Table 5 :
The analysis of experimental and numerical results proves that this calculation method allows the accurate evaluation of the load-carrying capacity of the normal section of flexural RC beams strengthened with FRP.
The proposed calculation method could be treated as appropriate for practical application when choosing the most effective strengthening material and when determining the crack width and load-carrying capacity of the strengthened member.
Conclusions
A crack width propagation and load-carrying capacity prediction model was presented in this paper. The conclusions of the analysis of experimental and numerical results are presented below.
(i) The crack width calculation techniques proposed in the design recommendations overestimate the crack width with up to 86% (average 32% and 40%) error and very high scatter (coefficient of variation more than 100%).
(ii) The predicted crack widths by the proposed model agreed very well with experimental results (with 0% average error and a rather low coefficient of variation: 21.62%), even for beams without additional anchorage and with initial strain (common situation in practice).
(iii) The crack propagation analysis revealed that prestressing of the strengthening material reduced the maximum crack width 2.67 times. This was evaluated in the proposed calculation method (calculated crack width of the non-prestressed beam was 2.55 times bigger than that of the prestressed one).
(iv) The propagation of cracks differs if the stiffness of the beams at the moment of strengthening is different. In the beams strengthened under external load action (with initial strain), the cracks had developed as in RC beams. After strengthening, further development of the cracks has slowed down, but the spacing remained the same. As a result, the crack widths of the beams strengthened under external load action (B5-7, B6-7) were 2 times higher than those strengthened without it (B3-0, B4-0). This validates the evaluation of the initial crack width in (29) .
(v) The results of numerical calculations of the loadcarrying capacity without reduction of FRP stress (due to the slippage between concrete and FRP, ψ f = 1 0) had lower mean error (0% comparing to 14%) but higher scatter (coefficient of variation c v equals to 24.07% and 20.84%, resp.) than those with it. However, it should be noted that in some cases, the beams actually failed at loads close to 60% of the calculated ones which is critically unsafe. Thus, a calculation method with reduced FRP stress and a rather low (average 14%) reserve could be treated as appropriate for the practical application when choosing the most effective strengthening material and when determining the load-carrying capacity of strengthened member. 
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